Abstract. We study the horizontal Laplacian D H associated to the Hopf fibration S 3 ! S 2 with arbitrary Chern number k. We use representation theory to calculate the spectrum, describe the heat kernel and obtain the complete heat trace asymptotics of D H . We express the Green functions for associated Poisson semigroups and obtain bounds for their contraction properties and Sobolev inequalities for D H . The bounds and inequalities improve as jkj increases.
Introduction
In this paper we are concerned with the analysis of the horizontal (or Bochner) Laplacian D H for the Hopf fibration S 3 ! S 2 . By analysis we mean spectral analysis, description of the heat kernel and its trace, L p bounds for Green functions of the associated Poisson semigroup and Sobolev inequalities. On a general level such results are readily available in the literature: For a section f one applies the diamagnetic or Kato's inequality hD H f ; f i b hDj f j; j f ji and now well known estimates and Sobolev inequalities for the scalar Laplacian D translate into estimates and inequalities for the vector Laplacian D H . Of course, the diamagnetic inequality rarely leads to sharp inequalities. The point of this paper is to improve these estimates and inequalities by directly studying the spectrum of a Laplacian on sections in a particularly simple, yet geometrically non-trivial case, the Hopf fibration. As it turns out, the curvature of the bundle improves the analytical properties of D H (vis-a-vis D), as indicated for example, by a nonzero first eigenvalue. The idea for this paper grew out of [2] where the radial part of the spectrum of the horizontal Laplacian on more general Hopf fiberings was determined by studying expectations of the stochastic parallel transport in the bundle. This in turn was motivated by the numerous stochastic approaches to spectral analysis of Schrö dinger operators with magnetic fields, for example [15] , [7] , [9] , [11] and references therein. Geometrically, the magnetic potential A is a connection 1-form for a trivial complex line bundle over R n , the magnetic field B ¼ dA its curvature, and the corresponding Schrö dinger operator with magnetic field Àð' þ iAÞ 2 is the horizontal Laplacian. Often one considers lA and the spectral properties of the associated Schrö dinger operator as l ! y. This corresponds to ''turning up'' the field strength. In [15] , [7] , [9] , [11] the analysis proceeds through the study of certain stochastic oscillatory integrals. In the case considered here we use representation theory. Note that because we work over S 2 there are topological restrictions on our bundle and its connection. This restriction is the Chern number of the bundle. We consider the complete family of Hopf fiberings S 3 ! S 2 labeled by the Chern number k A Z. Large jkj corresponds to large curvature and thus to a strong ''magnetic field.' ' We begin by describing the Hopf fibration S . In Theorem 2 we obtain a closed formula for the Green function with the mass-term. We use this formula to calculate the L 1 -norm of the Green function, which leads to a bound for the L p ! L p norm of the semigroup, stated in Theorem 3. The contraction becomes stronger as the charge jkj increases.
In Theorem 4 and its corollaries we obtain Sobolev inequalities for D H . Here, too, the constants in the inequalities improve with jkj. In particular, we show in Corollary 3 that if hD
By comparison, Onofri's inequality-a sharp form of a Moser-Trudinger inequalitycombined with the diamagnetic inequality only gives
The sharp form of Corollary 3 has eluded us and it would be interesting to see if techniques used to prove Onofri's inequality, such as spherically symmetric rearrangements, see [4] , or regularized determinants, see [13] , can be adapted to obtain a sharp inequality for D H .
2 Spectrum of the horizontal Laplacian
and let
The Laplace-Beltrami operator on S 3 with its standard metric is given by
This action induces an S 1 -principal bundle over the quotient manifold P 1 C F S 2 , which is known as the Hopf fibration
For the natural connection on this principal bundle the vector fields K x and K y are horizontal. The vector field ÀK z induces the S 1 -action and is vertical. The horizontal Laplacian for the Hopf fibration is
Given a representation r of S 1 on C we obtain a complex line bundle E ! S 2 associated to the S 1 -principal bundle by setting
where the S 1 -action on S 3 Â C is given by ðða; bÞ; zÞu ¼ ðða; bÞu; rðuÞ À1 zÞ; ða; bÞ A S 3 ; z A C:
Sections f of the line bundle E ! S 2 are given by functions f : S 3 ! C which are r-equivariant f ðða; bÞuÞ ¼ rðuÞ À1 f ðða; bÞÞ:
Denote 
The eigenvalues of D are
The eigenspace for the eigenvalue N 2 À 1 has dimension N 2 and contains an N-dimensional subspace of simultaneous eigenfunctions of K z with eigenvalue 2ip. Here p is such that l þ p is integer and Àl a p a l, see [6, Section 1.3] . Thus k=2 and l are either both integer or both non-integer. Hence N À 1 and k have equal parity. Furthermore, l b jk=2j and so N b jkj þ 1. Thus N ¼ jkj þ 1 þ 2M, where M ¼ 0; 1; 2; . . . and so
In particular, D H has a mass gap of size 2jkj. where l is an integer multiple of 1=2; m and n are such that l þ m and l þ n are integer, and Àl a n; m a l. As shown in [1, Section 9.14], the t l mn are matrix entries of an irreducible unitary N ¼ 2l þ 1-dimensional representation of SUð2Þ. A simpler form for the t l mn can be given in terms of Euler angles. The Euler angles f; c, and y are obtained from the relations
Eigenfunctions for
where 0 a f < 2p, 0 < y < p, and À2p a c < 2p. Note that 
; n , Àl a n a l. GðE k Þ has a kernel k t ðg; g 0 Þ satisfying
The kernel is given explicitly by
where l M is given by (2), see [8, Section 1.6].
Lemma 3. We have
Proof. Since the t l mn ðgÞ are matrix entries of a unitary representation we have
The lemma follows. r
We can use this lemma to conclude that
see [12] , and [8, Section 1.6.12]. Using a formula due to Ramanujan we can calculate the small t behavior of this trace.
Theorem 1 (Heat equation asymptotics
In particular
Proof. From (10) 
for even k:
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Here zðsÞ ¼ zð1; sÞ is the Riemann zeta function. This expression is derived in the same way as Lemma 5 in the appendix. The coe‰cients up to order five are calculated from this expression using Mathematica. r Remark 2. Note that for any k the first two terms are 1=ð4tÞ þ 1=3, expressing the dimension and topology of the base. The bundle is only visible in the higher order terms. Note also that for k ¼ 0 the horizontal Laplacian reduces to the Laplacian on functions on S 2 with the round sphere metric of radius 1=2 and the volume normalized to 1. We recover the formula from [12, , respectively. Since all eigenvalues of D H þ k 2 þ 1 are squares of integers, the formulas for h # t will be simpler. Note that k 2 þ 1 can be considered the square of the mass of the particle described by the operator Integration over t A ð0; yÞ gives the Green functions where z ¼ cos y. The generating function for Jacobi polynomials
where R ¼ ð1 À 2xr þ r 2 Þ 1=2 , together with (16) then imply the result for k > 0. Now note that
Thus results for the ðk; kÞ-entry of the matrix t l translate into results for the ðÀk; ÀkÞ-entry. This proves the theorem for k < 0. 
where empty sums are taken to be zero. Furthermore,
Proof. We may assume that k > 0. From (17) follows
Substituting y for y=2, using sin y ¼ cosðp=2 À yÞ and tanðy=2Þ ¼ sin y=ð1 þ cos yÞ gives
Finally, the substitution x ¼ tan y gives
Note that
for 0 a x a 1. Since the inequalities are strict for x 0 0; 1 (21) follows. Integrating by parts in (22) and using the geometric series gives
The explicit formulae now follow from
Theorem 3. For a section f A GðE k Þ we have
Proof. By Hö lder's inequality we have
The result follows by applying Fubini-Tonelli and (20). r Corollary 1. The inequality (21) can be improved to
Proof. Note that the first eigenvalue of ðD
Thus for p ¼ 2 we get from the eigenfunction representation of G # immediately the sharp bound
Indeed, for a section f write
; n ðgÞ;
and note that directly from the expression (7)
; n ðgÞt l k=2; n ðg 0 Þ:
The Corollary now follows from Theorem 3. r Remark 4. For p ¼ 2 we can also calculate kGf k 2 . Indeed, from (7) and (15)
; n ðgÞ ð25Þ
As in the proof above, this expression is maximal if a ln is zero for M > 0. Thus
and ; n ðg 0 l Þ; Àl a n a l:
Since the t l mn are matrix entries of a unitary representation it follows from (25) that
for some g l A SUð2Þ. Writing a M for a l , t M ðg M Þ for t l k=2; k=2 ðg l Þ, and setting
we get the expression
From Hö lder's inequality
Applying Hö lder again we get
The middle sum equals 1 by assumption. As entries of a unitary matrix jt M ðg M Þj a 1 and so
Thus, after integration, the third sum is bounded by
the third sum is bounded above by
By simple integral comparison we now get
Combining (31) and (32) gives (28). For G # we have
and so
The third sum above in this case agrees with the first sum with p ¼ 4. Combining this gives (29). r Corollary 2. For a section f A GðE k Þ and p > 2 we have
Note that for any p we can achieve k f k p a hD H f ; f i 1=2 by choosing jkj su‰ciently large. x together with (28) and lnð1 þ xÞ a x implies the first inequality with, for example,
The second inequality follows similarly now using in addition the bounds from (23). We can take
: r Remark 5. The above Corollary should be compared with Onofri's inequality, a sharp form of a Moser-Trudinger inequality,
where u is a positive function on S 2 and m is the normalized uniform surface measure of S 2 [4] . From the diamagnetic inequality [10] we get
Thus Onofri's inequality implies that
and, replacing f by Gf ,
Most notable is the absence of a term corresponding to Ð S 2 u dm in Corollary 3. Its appearance in Onofri's inequality is required because addition of a constant does not change the Dirichlet integral of u. For sections, we cannot add constants.
Appendix A. An asymptotic expansion Lemma 5 . Define
Then, as x tends to 0þ,
Proof. The proof proceeds as in [3] . For a complex number s write s ¼ s þ it. Using the definition of f and inverting the order of summation and integration by absolute convergence, we find that 
Thus, in order to establish the lemma, it su‰ces to show that ð 2
ÀðNþ1=2Þ
Gðs G iTÞzðð1 þ jkjÞ=2; 2ðs G iTÞ À 1Þx
ÀsHiT ds ¼ oð1Þ ð38Þ
as T tends to y, and then that 
